We investigate the strong cosmic censorship for the Dirac field in the higher dimensional Reissner-Norstrom-de Sitter black hole. To achieve this, we first use the conformal transformation trick to massage the Dirac equation to a pair of coupled equations in a meticulously chosen orthonormal basis and derive the criterion on the quasinormal modes for the violation of the strong cosmic censorship, which turns out to be independent of the spacetime dimension. Then we apply the Crank-Nicolson method to evolve our Dirac equation in the double null coordinates and extract the low-lying quasinormal modes from the evolution data by the Prony method. It is shown for the spacetime dimension D = 4, 5, 6 under consideration that although the strong cosmic censorship is violated by the perturbation from the neutral Dirac field in the near-extremal black hole, the strong cosmic censorship can be restored when the charge of the Dirac field is increased beyond a critical value. The closer to the extremal limit the black hole is, the larger the critical charge of the Dirac field is.
Introduction
In support of the predictive power of general relativity in the presence of the inevitable singularity formed by gravitational collapse, Penrose proposed his cosmic censorship conjectures a long time ago. One is called the weak cosmic censorship, which states that the formed singularity is generically hidden inside of the black hole event horizon such that the determinism is well preserved outside of the black hole. The other is called the strong cosmic censorship (SCC), which asserts that the formed singularity is generically either spacelike or null such that the determinism can hold up to the singularity, where the spacetime ends. With this in mind, the timelike singularity present in the eternal charged or rotating black hole is believed to be an illusion. To put it another way, a generic perturbation will make the Cauchy horizon (CH) singular such that one cannot extend beyond the would be CH, where the spacetime is terminated. Such a belief comes mainly from the observation that the perturbation will be blueshifted while traveling along the CH, which cannot be overshadowed by the power law decay tails outside of the black hole.
But the situation varies in the presence of a positive cosmological constant, because for the black hole in de Sitter space, it is the quasinormal modes that control the late time behavior of the perturbation outside of the black hole. Thus the validity of the SCC, namely the inextendibility of the CH depends delicately on the competition between the blueshift amplification along the CH and the exponential decay behavior outside of the black hole. In particular, for a fixed near-extremal charged Reissner-Nordstrom de Sitter (RNdS) black hole, neither the neutral scalar nor the gravito-electromagnetic perturbations can lead to an inextendible CH [1] [2] [3] . However, the formation of the RNdS black hole entails the participation of the charged matter fields [4] . As shown in [5] [6] [7] [8] , the perturbation from the charged scalar field can preserve the SCC by making the CH inextendible except for a highly near-extremal RNdS black hole, where the SCC holds only when the scalar field is appropriately charged. On the other hand, for the perturbation from the charged Dirac field, the SCC can be respected when the Dirac field is sufficiently charged, albeit the existence of the subtle wiggles for a highly near-extremal RNdS black hole [9, 10] .
Generically, the physics in a higher dimensional spacetime has a richer dynamics, for example, it is shown that the RNdS black hole is gravitational unstable for the large value of the cosmological constant and electric charge in the spacetime dimension D ≥ 7 [11] [12] [13] . So among other follow-up works [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , the test of the SCC has been generalized to the scalar field in the higher dimensional RNdS black hole [24, 25] . Along this line, the purpose of this paper is to investigate the validity of the SCC for the charged Dirac field in the higher dimensional RNdS black hole. To this end, we are forced to give up on the Newman-Penrose formalism, which is amenable solely to the calculation for the four dimensional Dirac field. Instead we simplify the Dirac equation in the higher dimensional RNdS background into a pair of coupled equations in Section 2 by resorting to the conformal transformation trick and meticulous choice of the orthonormal basis. In Section 3, we then derive the criterion for the validity of the SCC in terms of the imaginary part of the quasinormal modes of the Dirac field. In Section 4, we present our numerical result on the validity of the SCC, where we apply the Crank-Nicolson method to evolve the Dirac equation in the double null coordinates and use the Prony method to extract the low-lying quasinormal modes from the evolution data. We conclude our paper in the last section.
The signature we take here is (−, +, +, · · · , +).
Dirac Equation in the D-dimensional RNdS black hole
Let us start from the real action of the D-dimensional Dirac field with the mass m and the charge q in a charged curved spacetime 
2)
On the other hand, by the variation of the above action with respect to ψ, we obtain the Dirac equation as
In what follows, we shall derive an explicit expression of the above Dirac equation in a D-dimensional RN black hole with the mass and charge parameter M and Q in the de Sitter space of radius L
where the blackening factor is given by
5)
and
2 ) . The cosmological constant, the ADM mass and the charge of the black hole are given by
The moduli space for such black holes can be parametrized by ( Λ Λmax , Q Qmax ), where Λ max is the maximal cosmological constant so that f (r) can have three positive real roots, giving rise to the cosmological horizon r c , the black hole horizon r + , and the CH r − individually, while Q max corresponds to the charge of the extremal black hole with r + = r − for a given Λ.
Next by generalizing the conformal transformation [26] [27] [28] to include the electric charge and electric potential as follows
With this in mind, we can consider the equivalent Dirac equation in the following conformally transformed background
(2.10)
To proceed, we choose the following orthonormal basis
In addition, for even D, we choose the Gamma matrices in terms of Pauli matrices as [29] 
with n = 1, · · · , (D − 2)/2. Similarly, for odd D, the Gamma matrices are chosen as follows
It is noteworthy that {γ i } denote the Gamma matrices for a (D − 2)-dimensional space with the signature (+, · · · , +).
Then it is not hard to show that the aforementioned choice gives rise tõ
where / ∇ 2 is the Dirac operator associated with the two-dimensional spacetime
and / ∇ Σ is the Dirac operator on (D − 2)-dimensional unit sphere Σ D−2 . Accordingly, we are motivated to make the following separation of variables for our Dirac field as
where ϕ(r, t) is a two-component spinor field on the spacetime (2.17) and χ(φ i ) is the eigen spinor fields of the Dirac operator in the unite sphere Σ D−2 , that is to say,
where we have used them = rm associated with the previous conformal transformation (2.10). Let ϕ = ( r 2φ 1 , r fφ 2 ), then we end up with an explicit expression for our Dirac equation as
where we have used the non-vanishing spin connection
Quasinormal modes and strong cosmic censorship
With the seperationφ =R(r)e −iωt , the above equation can be written as
which gives rise to two independent asymptotic solutions
near any horizon r h with the surface gravity defined as
qQ r D−3 is the electric potential energy and r * = dr f is the tortoise coordinate. By imposing the outgoing boundary condition near the cosmological horizon and the ingoing boundary condition near the black hole event horizon, one can obtain a discrete spectrum of quasinormal modes, which have the symmetry ω → −ω under q → −q.
However, these quasinormal modes propagating into the black hole will generically have both the outgoing mode ϕ 1 ∼ e −iωu , ϕ 2 ∼ e −iωu (3.3) and the ingoing mode as well as the non-vanishing spin connection ω tra = 2f −f r 2r (du) a + 1 r (dr) a are also smoothly across the CH, so the potential non-smoothness of our energy momentum tensor (2.2) comes only from such terms asφ i ϕ j andφ i ∂ µ ϕ j with ϕ i either the ingoing or outgoing mode, where the dominant term is given obviously byφ 2 ∂ r ϕ 2 with ϕ 2 the ingoing mode. Speaking specifically, near the CH the energy momentum tensor from this term behaves as 
for all quasinormal modes. In other words, if there exists a quasinormal mode with β ≤ 1 2 , then one can not extend beyond the CH such that the SCC is preserved. Obviously, to examine the validity of the SCC, we only need to focus on the lowest-lying quasinormal mode. Note that the charge to mass ratio of the electron in our universe is very large, so below we shall specialize in the massless case.
Numerical results

Numerical Scheme
In this section, we would like to extract the low-lying quasinormal modes by the time domain analysis of the numerical solution to the Dirac equation in the double null coordinates (u, v)
which has been shown to be naturally suitable for the numerical evolution by the Crank-Nicolson method along the double null directions with the advanced Eddington time v = t + r * [9] . r in the above equation can be solved out through
where g(r) = r 2(D−3) f (r), r i s are the zeros of g(r), and the undetermined coefficient C can be specified such that r * = 0 when r = r + +rc 2 . To set off such a numerical evolution, we impose the initial conditions on the initial double null surfaces as
andφ 1 can be obtained by solving the Dirac equation (4.1) on these surfaces. In addition, we also make a gauge transformation such that the electric potential reads
4)
Then we can check the validity of the SCC by examining the low-lying quasinormal modes extracted from the evolution data through the Prony method [31] . In what follows, we shall work with the units in which the ADM mass M = 1. In addition, due to our limited computational resources, below we shall narrow down our discussions to the massless Dirac field in the D = 4, 5, 6-dimensional near-extremal RNdS black hole with Λ Λmax = 0.27 and Q Qmax = 0.996, 0.999. First we list the low-lying quasinormal modes for the neutral Dirac field in different dimensions in Table 1 and Table 2 , where for the large l WKB limit (See Appendix A), we only present the imaginary part of the corresponding quasinormal mode because of the divergence of the real part. As expected, the spectrum of quasinormal modes is symmetric with respect to the imaginary axis of the ω-plane. In addition, we find that the dominant mode always comes from the l = 0 mode. In particular, by comparing Table 1 and Table 2 for D = 4 and D = 5, one can see that although for the less charged near-extremal RNdS black hole the dominant mode is from the oscillatory photon sphere mode 1 , the purely imaginary mode will become dominant one when the black hole charge is further increased towards the extremal limit. Furthermore, it follows from the dominant mode that the SCC is violated for the perturbations by the neutral Dirac field.
Relevant Results
We next demonstrate how the imaginary part of the low-lying quasinormal modes varies with the increase of the charge of the Dirac field in Figure.1, Figure. 2, and Figure. 3 separately for D = 4, 5, 6. Among others, one can see for all the dimensions under consideration that the aforementioned symmetry of the photon sphere mode pair breaks down once the Dirac field is charged. In addition, the dominant mode for the charged Dirac field is still from the l = 0 mode. Speaking specifically, for the less charged near-extremal black hole, 1 The photon sphere mode is so called because it can be traced back to the properties of the unstable circular null orbits at the large l with its real part proportional to the angular velocity of the null orbits and its imaginary part describing how quickly the null orbits are driven away from the unstable circular orbits under the infinitesimal radial deformations. the dominant mode comes solely from one of the photon sphere mode pair. For the more charged near-extremal black hole, the dominant mode is given solely by the branch arising from the aforementioned purely imaginary mode. When the near-extremal black hole is intermediately charged, the role of the dominant mode is shifted from the purely imaginary mode branch to one of the photon sphere mode pair as the charge of the Dirac field is cranked up to a certain value. Such a general pattern is consistent with the observation made for D = 4 in [10] , where more details can be found. But nevertheless, for our purpose, whichever plays the dominant mode, the imaginary part of the dominant mode increases with the increase of the charge of the Dirac field. Actually in the large q limit, the dominant mode falls into the black hole family with the imaginary part approaching − κ + 2 (See Appendix B). In particular, the dominant mode restores the SCC once the charge of the Dirac field is more than a certain critical value, which is increased as the black hole charge is increased. 
Conclusion
To check the validity of the SCC in the higher dimensional RNdS black hole under the perturbation of the Dirac field, we first apply the conformal transformation trick such that the Dirac equation can be reduced to a pair of coupled equations in the well chosen orthonormal basis, which is smoothly across the CH. With this, we further derive the criterion on the quasinormal modes for the violation of the SCC, which is exactly the same for all dimensions. Then we mainly employ the Crank-Nicolson method to evolve the involved Dirac equation in the double null coordinates and extract the low-lying quasinormal modes from the resulting evolution data by the Prony method for D = 4, 5, 6. As a result, although the SCC is violated for the perturbation of the neutral Dirac field in the nearextremal RNdS black hole, the SCC can be recovered once one charges the Dirac field beyond a critical value, which becomes larger when the black hole is closer to the extremal limit. We believe that such a pattern is also true for any other higher dimensional RNdS black hole. It is noteworthy that for the highly extremal higher dimensional RNdS black hole, the non-perturbative wiggles may show up in the large q regime, causing the violation of the SCC over there as in D = 4 [10] . Although we are unable to probe such a phenomenon by numerics due to our limited computational resources, we believe that the SCC will be recovered again in the sufficiently large q regime due to the fact κ + < κ − proven in Appendix C.
which further gives the decoupled equation forR 2 as
where the prime denotes the differentiation with respect to r. Following [7] , we make the ansatz thatR
Substituting it into Eq.(B.3) and solving the equation order by order in 1 q , to the leading order, we can get the solution
with the subscript c and + denoting the solution belonging to the cosmological family or the black hole family respectively. The corresponding equation for ψ is given by It is easy to see that when D = 4, our result is identical to [9] .
C Proof of κ + < κ − for the non-extremal black hole in D ≥ 4
It follows from the inspection of the blackening factor (2.5) that the derivative of f must be negative at r − and positive at r + . Thus we have
(C.1) κ + < κ − can be proven by the brute force calculation, which turns out to be a little involved. Here we would rather present a much simpler proof as follows 2 .
To achieve this, let us define the functions h(x) = 1 − M x + Q 2 x 2 and p(x) = x 2 3−D L 2 with x = r 3−D , then by the Lagrange's interpolation formula, we have is obviously an increasing function in (0, +∞).
